We investigate the quantum stability of the system composed of two branes bounding a region of AdS, which has been proposed by Randall and Sundrum as a possible solution to the hierarchy problem. It is shown that as a consequence of the bulk curvature, the modulus potential generated by quantum fluctuations can naturally stabilize the space at the appropriate size to account for the ratio between the weak scale and the Planck scale. *
Recently, Randall and Sundrum [1] proposed a novel mechanism for addressing the hierarchy problem. In their model, the Standard Model fields are confined to one of two 3-branes which are endpoints of an S 1 /Z 2 orbifold spatial dimension. A negative bulk cosmological constant generates an AdS metric in the five-dimensional spacetime
where k is a parameter of order the Planck scale which is related to the AdS radius of curvature and r c determines the length of the orbifold. The coordinate φ ∈ [−π, π] parameterizes the fifth dimension, with the point (x, φ) and (x, −φ) identified, and the two 3-branes reside at the orbifold fixed points φ = 0, π. Because of the exponential factor in Eq.
(1), a field with Lagrangian mass parameter m 0 that is confined to the brane at φ = π (the "TeV brane")
will have a physical mass m = m 0 e −krcπ . If all mass scales in the theory are of order the Planck scale and kr c ∼ 12, then the observed mass m is in the TeV range. In this way, the hierarchy between the TeV and the Planck scale is generated purely through gravitational effects.
The Randall-Sundrum (RS) scenario contains a modulus field that determines the size of the S 1 /Z 2 orbifold extra dimension. This scalar arises as one of the massless fluctuations about the background AdS geometry, and it is encoded in the five-dimensional metric as
where the field g µν is the four-dimensional graviton and T (x) is the modulus, or "radion" field whose VEV r c = T determines the length of the orbifold according to Eq. (1).
Dimensional reduction of the five-dimensional Einstein-Hilbert action for Eq. (2) leads to an effective action for the massless fields [2, 3] 
where R is the Ricci scalar constructed from g µν and we have defined ϕ = f exp(−kπT ) with f = 24M 3 /k.
To account for the observed discrepancy between the gravitational and electroweak scales, we need kr c ∼ 12. However, there is nothing in Eq. (3) that stabilizes the VEV of the radion T 1 . Some additional dynamics must be introduced to make kr c ∼ 12 without fine tuning 1 In fact, the original RS solution necessitates one fine tuning of parameters to keep the radion parameters. As suggested in [4] , introducing a bulk scalar with appropriate interaction terms on the branes can induce a radion potential that has an acceptable minimum without severe tuning of the model parameters. Although in [4] the scalar profile was treated as a perturbation on the background metric, its back reaction on the spacetime geometry can be included [5] without changing the qualitative features of the stabilization mechanism.
The analysis of refs. [4, 5] was purely at the classical level. However, quantum fluctuations of fields which propagate in the bulk or on the TeV brane will also generate contributions to the effective radion potential 2 . In this paper, we explore the possibility that it is these quantum corrections that by themselves stabilize the radion. We will calculate in Section I the form of the one-loop correction from fields on the TeV brane as well as from fields propagating in the bulk spacetime. Our results also allow us to see explicitly how the spacetime metric acts to cut off loop integrals in the four-dimensional low energy theory. As a check of our calculation we show that if the AdS bulk matter content is supersymmetric, all the corrections to the energy density cancel explicitly. Finally, in Section II we consider stability issues associated with the quantum corrections to the radion potential. We find that the radion could be naturally stabilized at kr c ∼ 12 through quantum effects alone.
The phenomenology of the radion about this minimum turns out to be quite similar to that described in [2, 3] for radion stabilization through a classical bulk scalar profile.
I. QUANTUM CORRECTIONS TO THE RADION POTENTIAL
Consider the contribution to the radion potential coming from a field on the TeV brane.
For concreteness, take a scalar field with action
potential flat and the resulting metric static. This fine tuning problem goes away in the presence of some additional radion stabilization dynamics. There is a second fine tuning, related to the cosmological constant problem, about which the RS solution has nothing to say.
where, m 0 is of order the Planck scale. The powers of a multiplying the kinetic and mass terms come from the induced metric on the brane. To compute the radion potential, take a constant and rescale h → ah. The rescaled field has a canonically normalized kinetic term and an effective mass m = am 0 . The effective potential obtained from integrating out h can be trivially expressed as the zero point energy in the presence of a constant ϕ field configuration:
with µ an arbitrary scale. Expanding about ǫ = 0, we get
Only the a 4 ln a piece is significant. The rest can be absorbed into the tension of the TeV brane. The one-loop potential for higher spin fields on the TeV brane is identical to Eq. (6), except that it gets multiplied by (−1) F g, where F = 0, 1 for fermions and bosons respectively and g is the number of physical degrees of freedom.
The quantum fluctuations of bulk fields also contribute to the radion effective potential.
Decomposing the bulk field into four-dimensional Kaluza-Klein modes, the potential can again be expressed as a sum over zero point energies
where F is as above, and g is the number of physical polarizations of the Kaluza-Klein modes. In this equation, the dependence on a enters through the Kaluza-Klein masses m n .
Defining m n = akx n , the above becomes
From the viewpoint of effective field theory we would expect that the sum over the modes in Eq. (7) should be truncated near the TeV scale, if that is the true cutoff of the theory.
Indeed, we do not expect our summation to be valid above this scale as it does not correctly reproduce the ultraviolet physics. All the effects of the modes above this scale should go into renormalizing operators in the four-dimensional effective theory as well as generating higher dimensional operators suppressed by the Planck scale. If the cutoff is much less than k then we may expand the mode sum at the level of the integrand as follows
with higher terms suppressed by more powers of Λ/k. Below we will first solve for the exact result without resorting to a cutoff. We will then show that expanding the integrand does indeed reproduce the correct low energy physics up to corrections suppressed by the Planck scale, with the seemingly large short distance contribution taking the form of a pure counterterm.
We now evaluate Eq. (8) for a bulk scalar field with action
where G AB with A, B = µ, φ is given by Eq. (1). Because
the parameter α controls a possible mass term on the boundaries of the space. Such mass terms arise if the field Φ is a component of a supermultiplet on AdS 5 with one dimension compactified on an S 1 /Z 2 orbifold (see [6] ). It is found in [6] that the roots x n satisfy
where
, and y ν is given by the same expression with Y ν replacing J ν . (See [6] [7] [8] for other work on the Kaluza-Klein reduction of bulk fields.)
The a dependence from the sum over x n in Eq. (8), can be calculated by zeta function regularization techniques [9] , which we now review.
First, convert the sum into a contour integral
which is valid for Res > 1. In this equation, C is a contour between arcs of radius δ (chosen to avoid a possible pole at z = 0) and R → ∞ which circles the roots x n in a counterclockwise manner. Our goal is to perform the analytic continuation of the RHS of Eq. (12) to a neighborhood of s = −4. To do this, split the contour into C + and C − , its portions above and below the real axis respectively. On each contour, the asymptotic expansion of the argument of the logarithm is
We now add and subtract the logarithm of the RHS of this expression to the contour integral above, which yields
The first line is now defined for Res > −1, while the second is still only defined for Res > 1.
However, for the second term in Eq. (14), we are free to deform the contour C into a straight line running parallel to the imaginary axis from z = i∞ + δ to z = −i∞ + δ. The result is
Since the second line of this equation provides its own analytic continuation, we can now extend the definition of the sum on the LHS to −1 < Res < 0. In this region, it is safe to take the limit δ → 0. Then the second term above vanishes. To evaluate the piece left over, we can take the straight line contour along the imaginary axis. The result, valid for
where i ν (t) = (2 − α)I ν (t) + tI ′ ν (t), and k ν (t) is defined in the same way with K ν (t) instead of I ν (t).
Eq. (16) still needs to be extended to a neighborhood of s = −4. First re-write it as
The first term in the brackets is well-defined at s = −4. It is therefore safe to expand it for a ≪ 1 :
with terms of order a 2ν for ν = 2 and a 4 ln a for ν = 2 not shown. For small a, the contribution from the finite integral is negligible compared to the second term in Eq. (17) and we shall ignore it from now on. The remaining dependence on a in Eq. (17) can be easily determined by making the change of variables t → at on the third term inside the brackets. We then have:
The factor of 1/a 4−ǫ in the second term cancels the factor of a 4−ǫ appearing in Eq. (8), so this term just gives a constant (but divergent) contribution to the radion potential which can be absorbed into the renormalization of the bulk cosmological constant and the tension of the Planck brane (both of which give constant contributions to the radion potential). The first term generates a term proportional to a 4 as well as an a 4 ln a piece. The a 4 piece can also be absorbed into a local counterterm, so its precise numerical coefficient is not physical.
However, the coefficient of the logarithm is. This non-analytic part can be calculated by replacing the integrand of the first term in Eq. (20) by its t → ∞ asymptotic expansion:
where the ellipsis denote the terms that go as 1/a 4−ǫ or as subleading powers of a and which we therefore ignore. On the second line we made the replacement ln
Only the term with k = 4 survives the limit ǫ → 0. Therefore, the leading contribution from a bulk scalar to the radion potential is
where V sh , V sv are constants proportional to k 4 and the fourth term in the asymptotic expansion, c 4 (ν, α), is given by
Incidentally, the eigenvalues x n for bulk fields of higher integer spin satisfy equations that are identical to that of the bulk scalar except for the values of ν and α [6] . It follows immediately that in those cases the leading a dependence is similar to that in Eq. In addition to the logarithm, we have also generated higher powers of a. Writing a = ϕ /f , we see that if k T ∼ 12, these terms are suppressed by powers of TeV over the Planck scale. We conclude from this that the loop integrals in the four-dimensional theory are indeed effectively cut off at the TeV scale, thus resolving the hierarchy problem. Had we taken the a ≪ 1 approximation prior to summing over modes, we would expect our results for the Planck scale suppressed contributions to differ, since we would be treating the UV physics differently. Indeed, in this approximation the scalar Kaluza-Klein masses are fixed by the condition
which stops being valid for modes with masses of order the Planck scale, ax n ∼ 1. Had we carried out the scalar mode sum assuming that Eq. (24) is correct even for x n large, we would have obtained the result
with V sh as well as the higher order corrections from Eq. (18) absent. This is in accord with the reasoning discussed above.
The contribution to the vacuum energy from a bulk Dirac field can be obtained by the same methods as the scalar. This time we will not bother to calculate the exact result, taking the small a limit from the start. In this approximation the eigenvalues x n satisfy the equation [6, 8] 
where ν = m/k + 1/2 if boundary conditions are chosen such that the left-handed fermion modes are even under the Z 2 parity, and ν = |m/k − 1/2| if the right-handed fermion modes are even. By the same procedure that we outlined above (or see [9] for a detailed derivation), one can show that for x n satisfying Eq. (26)
which is again valid for −1 < Res < 0. For s = −4 + ǫ,
This can be derived either by performing an asymptotic expansion of the integrand in Eq. (27), or by a series of recursion relations which relate the sum with s = −4 to the value of the sum over x n with positive values of s [9] . Taking g = 4 in Eq. (8), we get to leading order in a, Note that for massless fermions, ν = 1/2, the coefficient of the logarithm vanishes, as opposed to the massless scalar which does generate a logarithm. Naively, this would seem troublesome, since we expect the fermions and bosons to have the same behavior in the r c → ∞ limit, where the boundary conditions become irrelevant. However, one should recall that in AdS the components of the momentum operator P M do not commute due to loss of translation invariance. Consequently, P 2 is not a Casimir operator of the supersymmetry algebra, and the masses within a representation are no longer degenerate [11] .
The supermultiplet mass spectrum for AdS 5 compactified on an S 1 /Z 2 orbifold was discussed in [6] . We will use their results for the mass spectrum of an N = 1 hypermultiplet, which is composed of a Dirac fermion ψ with mass m and complex scalars H ± with masses
as an explicit check of our computation of the vacuum energy. Choose boundary conditions such that ψ L , H − are odd and ψ R , H + are even under Z 2 parity and take m/k > 1/2.
For small a, the odd scalar H − has Kaluza-Klein masses given by J ν (x n ), = 0, with ν − = m/k−1/2 [6] . From Eq. (26), we see that the fermion masses are given by the same equation.
H + has masses given by j ν + (x n ) = 0, with ν + = m/k + 1/2, and α = 3/2 − m/k. Using a simple Bessel function identity, this can be shown to reduce to the same condition on the x n as for H − and ψ. Thus, at each Kaluza-Klein level n, we have four bosonic and four fermionic degrees of freedom which are degenerate in mass. Summing Eq. (8) over the multiplet, we conclude that the vacuum energy cancels level by level in the Kaluza-Klein expansion. We can also see this explicitly from our results. With the above boundary conditions, Eq. (29) the coefficient of a 4 ln a for a fermion is
while for the complex scalars,
Then, as expected,
In addition to contributions from fields in the bulk and on the TeV brane, the vacuum energy receives corrections from loops of the radion itself. To lowest order, these come from
where δV v is a small shift in the TeV brane tension relative to the background value. The contribution to the radion potential from this term can be obtained from the classic ColemanWeinberg result [12] :
II. STABILITY ANALYSIS
We now show that the quantum effective potential derived in the previous section can stabilize the Randall-Sundrum model. The idea that quantum corrections could fix the parameters of the internal manifold in Kaluza-Klein theories dates back to [13, 14] . In [13] , the presence of an attractive Casimir force due to the zero point energy of bulk fields in toroidal compactifications was taken as a possible explanation for having the extra dimensions stabilized at the Planck scale. More recently, Fabinger and Horava [15] computed the Casimir force between branes in a flat S 1 /Z 2 orbifold compactification of M-theory, finding a similar dependence on the linear size of the space as in [13] .
In [14] , massless fields were shown to balance an effective force due to the curvature of the internal compact space. The compact spaces studied in these works have the property that a single modulus determines both the curvature and linear dimensions of the compact manifold. In such cases, dimensional analysis implies that if the compact manifold is of odd dimension, then the contribution from matter loops and from one-loop quantum gravity must be finite, since no counterterms of the proper dimensionality can be constructed to absorb possible divergences. However, in our case k and the modulus r c are independent parameters, and the proper counterterms do exist. It is this important feature of the theory which will allows us to naturally generate an exponential hierarchy as the divergences introduce logarithmic dependence on a.
Using the results from the previous section, to leading order in a ≪ 1 the effective potential is of the form
where δV h,v are small shifts in the brane tensions relative to tensions that generate the background metric. This potential has extrema at a 0 = 0 and at
with
Thus if λ > 0, we generate a minimum away from the origin. Assuming that only the bulk graviton vacuum energy is important, the results of the previous section tell us that λ = 135/2048π 2 ≈ 0.007. To account for the hierarchy between the Planck scale and the weak scale, ln a 0 ≈ −12π, so we need to arrange δV v /k 4 ≈ 0.3. Thus, the effective potential can yield large hierarchies naturally, without the need to tune parameters, and without the need to introduce additional bulk dynamics by hand.
From Eq. (37) we see that the mass of ϕ fluctuations about the minimum is given by
which due to the factor of a 2 0 is in the TeV range 4 . It is interesting to note that as in the classical case [2, 3] , m ϕ should be somewhat lighter than the TeV scale. This is because k/M < 1 for the classical gravity approximation to be reliable. Also, the parameter λ arises from a loop effect so it is suppressed by a factor of 1/16π 2 from a phase space integration.
The collider aspects of radion phenomenology, including its couplings to the Standard Model fields are identical to those described in [2, 3, 17] . We expect certain qualitative features of the cosmology [3, 18] to be similar as well. However, the minimum of our quantum effective potential is global, so those aspects of the cosmology that depend on the shape of the potential may differ from the analysis of the classical potential in [19] .
The reader may be concerned that the minimum in Eq. (36) has been obtained by the cancellation of a tree level term against a quantum correction in the effective potential.
However, this is not a problem as long as the two terms are controlled by independent parameters. This is analogous to the Coleman-Weinberg mechanism in scalar electrodynamics [12] where the tree level contribution is controlled by the scalar self-coupling λ while the perturbative expansion is governed by the electromagnetic coupling e in such a way that λ < e 4 . In our case, this would not be true if the radion contribution dominated that of other fields. However, from Eq. (22) and Eq. (34), the ratio of the logs of the radion and the scalar is
In our numerical example above, we only took into account the contribution from the graviton, which is given by the scalar result with c 4 = −135/128. Then, with δV v /k 4 ≈ 0.3, we have r ≈ 8 × 10 −3 (k/M) 6 . Given that k must be smaller than M for the gravitational effects to be under control, we see that the radion is completely negligible in the computation of λ.
Finally, let us consider whether the perturbative expansion employed in our computation of the effective potential is trustworthy. We found that the dimensionless expansion parameter λ for the graviton fluctuations is λ = 135 128 1 16π 2 so that |λ ln(a 0 )| ≈ 0.3. We would expect 4 Our result disagrees with that of [16] which claims to generate an m ϕ which is smaller than the TeV range by eight orders of magnitude.
that higher loops will again be suppressed by higher powers of 1/16π 2 and k/M. However, given size of the first order correction an examination of the higher order corrections is in order.
III. CONCLUSION
In this paper we have shown that with the minimal bulk field content of just the graviton, it is possible for quantum fluctuations to balance the effective force due to curvature such as to generate a stable minimum in the radion potential for AdS 5 . Moreover, the expectation value of this modulus naturally has the correct size to generate the proper hierarchy between the weak and Planck scales. This hierarchy is a consequence of the divergence structure of this compactified theory. Our calculations also show explicitly how the cutoff in the effective field theory is of order a TeV.
We should say that we have only considered the minimal model, and that the inclusion of additional bulk fields could alter the results. Furthermore, if the unrescaled masses of the fields on our brane are not much smaller than k, then these fields could also play a role in determining the radion potential. However, we would expect that the space of acceptable solutions should not be unnaturally small. Thus, the scenario is quite robust and deserves further exploration. For example, it would be interesting to investigate how the quantum potential evolves cosmologically.
